Abstract. Using the light-front quark model, we calculate the transition form factors, decay rates, and longitudinal lepton polarization asymmetries for the exclusive rare B s → (K, η (′) )(ℓ + ℓ − , ν ℓνℓ (ℓ = e, µ, τ ) decays within the standard model, taking into account the η − η ′ mixing angle. For the mixing angle θ = −20
• (−10
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Introduction
The study of the exclusive decays in the beauty sector allows one to explore the standard model (SM) and search for new physics effects. The B factory experiments such as BaBar at SLAC, Belle at KEK, LHCb at CERN, and B-TeV at Fermilab make precision tests of the SM and beyond the SM ever more promising. Especially, the B s -meson system becomes a key element in the B-physics program of B factories ever since the first evidence for B s production at the Υ(5S) was found by the CLEO collaboration [1, 2] . The D0 [3] and CDF [4] Collaborations have made measurements of the charge-parity (CP) violating weak B s −B s mixing phase φ s in B s → J/ψφ decays. While the SM expectation φ SM s [5, 6] is nearly zero, the measured φ s differs from 0 by more than 3σ (but with a sizable error). This measurement of φ s inconsistent with zero (if confirmed) would indicate an evidence of new physics. Recently, the Belle Collaboration also measured the branching ratios of the B s → J/ψφ and B s → J/ψη decays and the preliminary result [7] of the B s → J/ψφ decay is about 3 times larger than that for the B s → J/ψη decay. This ratio agrees with a rough estimate obtained within the naive quark model (neglect octet-singlet mixing), where the ss part of the η meson wave function is one third in contrast to the fully ss content of φ mesons. With the upcoming chances that a numerous number of B s mesons will be produced at hadron colliders, one might explore the exclusive rare B s decays to (K, η, η ′ )ℓ + ℓ − (and ν ℓνℓ ) (ℓ = e, µ, τ ) induced by the flavor-changing neutral current (FCNC) transitions b → (d, s). Since in the SM the rare B s decays are forbidden at tree level and occur at the lowest order only through one-loop penguin diagrams [8, 9, 10, 11, 12, 13, 14, 15] , the rare B s decays are well suited to test the SM and detect new physics effects. While the experimental tests of exclusive decays are much easier than those of inclusive ones, the theoretical understanding of exlcusive decays is complicated mainly due to the nonperturbative hadronic form factors entered in the long distance nonperturbative contributions. Therefore, a reliable estimate of the hadronic form factors for the exclusive rare B s decays is very important to make correct predictions within and beyond the SM. The η − η ′ mixing angle may also be extracted from the rare B s decays to η and η ′ final states. In our previous work [16] , we have analyzed the exclusive rare B → Kℓ + ℓ − decays within the framework of the SM, using our light-front quark model (LFQM) based on the QCD-motivated effective LF Hamiltonian [17, 18, 19] . The experimental values of the branching ratios BR(B → Kℓ + ℓ − ) = (0.75
+0.25
−0.21 ± 0.09) × 10 −6 from Belle [20] and (0.34 ± 0.07 ± 0.02) × 10 −6 (ℓ = e, µ) from BABAR [21] detectors are consistent with our LFQM prediction 0.5 × 10 −6 [16] based on the SM. Recently, we also analyzed B c properties and various exclusive decay modes such as the semileptonic B c → (D, η c , B, B s )ℓν ℓ decays [22] , the rare B c → D (s) ℓ + ℓ − [23] , and the nonleptonic two-body B c → (D (s) , η c , B (s) )(P, V ) decays [24] (here P and V denote pseudoscalar and vector mesons, respectively). The form factors f ± (q 2 ) and f T (q 2 ) for the exclusive rare decays [23] between two pseudoscalar mesons are obtained in the Drell-Yan-West (q + = q 0 + q 3 = 0) frame [25] (i.e., q 2 = −q 2 ⊥ < 0), which is useful because only
the valence contributions are needed unless the zero-mode contribution exists. The covariance (i.e., frame independence) of our model has been checked by performing the LF calculation in the q + = 0 frame in parallel with the manifestly covariant calculation using the exactly solvable covariant fermion field theory model in (3+1) dimensions. We also found the zero-mode contribution to the form factor f − (q 2 ) and identified [22] the zero-mode operator that is convoluted with the initial and final state LF wave functions.
The purpose of this paper is to extend our our LFQM [16, 17, 18, 19, 22, 23, 24 ] to calculate the hadronic form factors, decay rates and the longitudinal lepton polarization asymmetries (LPAs) for the exclusive rare B s → (K, η, η ′ )ℓ + ℓ − and ν ℓνℓ decays within the SM. The LPA, as another parity-violating observable, is an important asymmetry [26] and could be measured at hadron colliders such as LHCb. In particular, the τ channel would be more accessible experimentally than e-or µ-channels since the LPAs in the SM are known to be proportional to the lepton mass. The paper is organized as follows. In Sec. 2, the SM operator basis, describing the b → (d, s)(ℓ + ℓ − , ν ℓνℓ ) transitions, is presented. In Sec. 3, we briefly describe the formulation of our LFQM and the procedure of fixing the model parameters using the variational principle for the QCD motivated effective Hamiltonian. We discuss the rare decays between two pseudoscalar mesons using an exactly solvable model based on the covariant Bethe-Salpeter (BS) model of (3 + 1)-dimensional fermion field theory and show the equivalence between the results obtained by the manifestly covariant method and the LF method in the q + = 0 frame. We then present the LF covariant forms of the form factors f ± (q 2 ) and f T (q 2 ) obtained from our LFQM. The η −η ′ mixing angle for the B s → η (′) transitions is also discussed in this section. In Sec. 4, our numerical results, i.e. the form factors, decay rates, and the LPAs for the rare B s → (K, η, η ′ )(ℓ + ℓ − , ν ℓνℓ ) decays are presented. Summary and discussion of our main results follow in Sec. 5.
Effective Hamiltonian
In the SM, the exclusive rare B s → P q (ℓ + ℓ − , ν ℓνℓ ) (q = d, s) decays are at the quark level described by the loop b → q (ℓ + ℓ − , ν ℓνℓ ) transitions, and receive contributions from the Z(γ)-penguin and W -box diagrams as shown in Fig. 1 .
The effective Hamiltonian responsible for the b → qℓ + ℓ − (q = d, s) decay processes can be represented in terms of the Wilson coefficients, C 
where G F is the Fermi constant, α em is the fine structure constant, and V ij are the Cabibbo-Kobayashi-Maskawa (CKM) matrix elements. The relevant Wilson coefficients
C i can be found in Ref. [9] . The effective Hamiltonian responsible for the b → qν ℓνℓ (q = d, s) decay processes is given by [11, 12] 
where x t = (m t /M W ) 2 and X(x t ) is the top quark loop function [11, 12] , which is given by
Besides the short distance (SD) contributions, the main effect on the decay comes from the long distance (LD) contributions due to the cc resonance states (J/ψ, ψ ′ , · · ·). The effective Wilson coefficient C eff 9 taking into account both the SD and LD contributions has the following form [9] 
where the explicit forms of Y SD (s) and Y LD (s) can be found in [9, 30] . For the LD contribution Y LD (s), we include two cc resonant states J/ψ(1S) and ψ ′ (2S) and use
GeV for ψ ′ (2S) [31] . The LD contributions to the exclusive B s → P q (q = d, s) decays are contained in the meson matrix elements of the bilinear quark currents appearing in H ℓ + ℓ − eff and H ν ℓνℓ eff . In the matrix elements of the hadronic currents for B s → P q transitions, the parts containing γ 5 do not contribute. Considering Lorentz and parity invariances, these matrix elements can be parametrized in terms of hadronic form factors as follows:
and
where P = P Bs + P Pq and q = P Bs − P Pq is the four-momentum transfer to the lepton pair and 4m
antisymmetric tensor. Sometimes it is useful to express Eq. (5) in terms of f + (q 2 ) and f 0 (q 2 ), which are related to the exchange of 1 − and 0 + , respectively, and satisfy the following relations:
With the help of the effective Hamiltonian in Eq. (1) and Eqs. (5) and (6), the transition amplitude M = P q ℓ + ℓ − |H eff |B s for the B s → P q ℓ + ℓ − decay can be written as
The differential decay rate for B s → P q ℓ + ℓ − is given by [32, 33] 
where
Bs . Equation (9) may be written in terms of (f + , f 0 , f T ) instead of (f + , f − , f T ) as discussed in [16] . Note also from Eqs. (9) and (10) that the form factor f − (q 2 ) does not contribute in the massless lepton limit.
The differential decay rate for B s → P q ν ℓνℓ can be easily obtained from the corresponding formula Eq. (9) for B s → P q ℓ + ℓ − by the replacementm ℓ → 0, C eff 7 → 0, and C
where the factor of 3 in the numerator corresponds to the sum over the three neutrino flavors. Dividing Eqs. (9) and (11) by the total width of the B s meson, one can obtain the differential branching ratio dBR(
As another interesting observable, the LPA, is defined as
where h = +1(−1) denotes right (left) handed ℓ − in the final state. From Eq. (9), one obtains for
Because of the experimental difficulties of studying the polarizations of each lepton depending on s and the Wilson coefficients, it would be better to eliminate the
dependence of the LPA on s, by considering the averaged form over the entire kinematical region. The averaged LPA is defined by
3. Review of our LFQM
The key idea in our LFQM [17, 18, 22] for the ground state mesons is to treat the radial wave function as a trial function for the variational principle to the QCD-motivated effective Hamiltonian saturating the Fock state expansion by the constituent quark and antiquark. The QCD-motivated effective Hamiltonian for a description of the ground state meson mass spectra is given by
In this work, we use the Coulomb plus linear confining (i.e. n = 1) potential together with the hyperfine interaction S q · Sq = 1/4 (−3/4) for the vector (pseudoscalar) meson, which enables us to analyze the meson mass spectra and various wave-functionrelated observables, such as decay constants, electromagnetic form factors of mesons in a spacelike region, and the weak form factors for the exclusive semileptonic and rare decays of pseudoscalar mesons in the timelike region [16, 17, 18, 19, 22, 23, 24, 34, 35] . The momentum-space LF wave function of the ground state pseudoscalar mesons is given by Ψ(
is the radial wave function and R λ 1 λ 2 is the covariant spin-orbit wave function. The model wave function is represented by the Lorentz-invariant variables,
is the momentum of the meson M, and p µ i and λ i are the momenta and the helicities of constituent quarks, respectively.
The covariant form of the spin-orbit wave function for pseudoscalar mesons is given by
)/x i is the boost invariant meson mass square obtained from the free energies of the constituents in mesons. For the radial wave function φ, we use the Gaussian wave function: 
The normalization factor in Eq. (18) is obtained from the following normalization of the total wave function:
We apply our variational principle to the QCD-motivated effective Hamiltonian first to evaluate the expectation value of the central Hamiltonian H 0 +V 0 , i.e., φ|(H 0 +V 0 )|φ , with a trial function φ(x i , k i⊥ ) that depends on the variational parameter β. Once the model parameters are fixed by minimizing the expectation value φ|(H 0 + V 0 )|φ , the mass eigenvalue of each meson is obtained as M= φ|(H 0 + V)|φ . Minimizing energies with respect to β and searching for a fit to the observed ground state meson spectra, our central potential V 0 obtained from our optimized potential parameters (a = −0.72 GeV, b = 0.18 GeV 2 , and α s = 0.31) [17] for the Coulomb plus linear potential was found to be quite comparable with the quark potential model suggested by Scora and Isgur [36] , where they obtained a = −0.81 GeV, b = 0.18 GeV 2 , and α s = 0.3 ∼ 0.6 for the Coulomb plus linear confining potential. A more detailed procedure for determining the model parameters of light-and heavy-quark sectors can be found in our previous works [17, 18] . Our model parameters (m q , β) obtained from the linear potential model relevant to this work are summarized in Table 1 . The predictions of the ground state meson mass spectra can be found in [22] . We should note that our model parameters (m, β) automatically satisfies the normalization of the total wave function and were fixed by the variational principle to the QCDmotivated effective Hamiltonian. Those parameters in turn automatically satisfies the normalization of the electromagnetic form factors at q 2 = 0 and every other physical observables obtained from our LFQM such as decay constants and electroweak form factors are the predictions. This distinguishes our LFQM from other quark model.
Form factors for the rare B s → P decays in our LFQM
Most popular phenomenological LFQM uses the Gaussian wave function as the radial wave function due to its predictive power of various physical observables. However, since the LFQM using the Gaussian wave function does not have a counterpart of manifestly covariant model, it is hard to check the covariance of the model. To check the covariance of LFQM, one can start from the manifestly covariant field theory model. For example, using the exactly solvable covariant BS model of (3+1)-dimensional fermion field theory [37, 38, 39] , one can perform the LF calculation in parallel with the manifestly covariant calculation and compare the results from the two models. Comparing the LF results and the manifestly covariant results, we were able to derive the LF covariant form factors between two pseudoscalar meson explicitly and to analyze the zero-mode complication. Since the detailed procedure of finding LF covariant transition form factors (f + , f − , f T ) was already given in our previous works [22, 23] , we shall briefly describe the essential procedure of obtaining the LF covariant form factors from the exactly solvable covariant BS model of (3+1)-dimensional fermion field theory and show the results of the LF covariant form factors.
The covariant diagram shown in Fig. 2 obtained from the covariant diagram of Fig. 2(a) is given by
where g 1 and g 2 are the normalization factors which can be fixed by requiring both charge form factors of pseudoscalar mesons to be unity at zero momentum transfer, respectively. To regularize the covariant fermion triangle-loop in (3+1) dimensions, we replace the point gauge-boson vertex γ µ by a non-local smearing gauge-boson vertex
+ iǫ, and thus the factor (Λ 1 Λ 2 ) 2 appears in the normalization factor. Λ 1 and Λ 2 play the role of momentum cut-offs similar to the Pauli-Villars regularization [37] . Our replacement of γ µ by the non-local smearing gauge-boson vertex remedies the conceptual difficulty associated with the asymmetry appearing if the fermion loop were regulated by smearing 
where m 1 , m, and m 2 are the masses of the constituents carrying the intermediate fourmomenta p 1 = P 1 − k, k, and p 2 = P 2 − k, respectively. Furthermore, the trace terms S µ from the vector current and S µ T from the tensor current are given by
respectively. By doing the integration over k − in Eq. (21), one finds the two LF timeordered contributions to the residue calculations corresponding to the two poles in k − , the LF valence contribution [ Fig. 2(b) ] defined in 0 < k + < P Fig. 2(c) ] in the q + > 0 frame corresponds to the zero mode (if it exists) in the q + → 0 limit [40] . Performing the LF calculation of Eq. (21) in the q + = 0 frame in parallel with the manifestly covariant calculation, we use the plus component of the currents to obtain the form factors f + (q 2 ) and f T (q 2 ). For the form factor f − (q 2 ), we use both the plus and perpendicular components of the currents. As we have shown in [22, 23] , while the form factors f + (q 2 ) and f T (q 2 ) can be obtained only from the valence contribution in the q + = 0 frame without encountering the zero-mode contribution, the form factor f − (q 2 ) receives the zero mode. In our recent analysis of semileptonic B c decays [22] , we identified the zero-mode operator that is convoluted with the initial and final state LF valence wave functions to generate the zero-mode contribution to the form factor f − (q 2 ) in the q + = 0 frame. Our method can also be realized effectively by the method presented by Jaus [39] using the orientation of the LF plane characterized by the invariant equation ω · x = 0, where ω is an arbitrary light-like four vector. More detailed analysis of the zero-mode operator and the LF covariance of the form factors f ± and f T can be found in [22, 23] . While the manifestly covariant BS model of fermion field theory model is good for the qualitative analysis of the exclusive rare decays, it is still semi-realistic. We thus replace the LF vertex functions in the BS model with the more phenomenological Gaussian radial wave functions in our LFQM since the zero-mode operator is independent from the choice of radial wave function as discussed in [22] .
The LF covariant form factors f ± (q 2 ) and f T (q 2 ) for B s (q 1q ) → P (q 2q ) transitions obtained from the q + = 0 frame are given by (see [22, 23] for more detailed derivations)
where k
with M 1 and M 2 being the physical masses of the initial and final state mesons, respectively. Our results for the form factors given by Eqs. (25)- (27) are essentially the same as those presented in [41] . We should note that the LF covariant form factor f − (q 2 ) in Eq. (26) is the sum of the valence contribution f val − (q 2 ) and the zero-mode contribution f Z.M. − (q 2 ) [22] . Since the form factors f ± (q 2 ) and f T (q 2 ) are defined in the spacelike (q 2 = −q 2 ⊥ < 0) region, we then analytically continue them to the timelike q 2 > 0 region by changing q 2 ⊥ to −q 2 in the form factors. We also compare our analytic solutions with the double pole parametric form given by
where σ 1 and σ 2 are the fitted parameters.
In this subsection, we discuss the η − η ′ mixing to obtain the B s → η (′) transition form factors. The octet-singlet mixing angle θ of η and η ′ is known to be in the range of −10
. The physical η and η ′ are the mixtures of the flavor SU(3) octet η 8 and singlet η 0 states:
where η 8 = (uū + dd − 2ss)/ √ 6 and η 0 = (uū + dd + ss)/ √ 3. Analogously, in terms of the quark-flavor(QF) basis η q = (uū + dd)/ √ 2 and η s = ss, one obtains [42] η η
The two schemes are equivalent to each other by φ = θ + arctan √ 2 when SU f (3) symmetry is perfect. Although it was frequently assumed that the decay constants follow the same pattern of state mixing, the mixing properties of the decay constants
will generally be different from those of the meson state since the decay constants only probe the short-distance properties of the valence Fock states while the state mixing refers to the mixing of the overall wave function [42] .
in the QF basis, the four parameters f q P and f s P can be expressed in terms of two mixing angles (φ q and φ s ) and two decay constants (f q and f s ), i.e. [42] ,
The difference between the mixing angles φ q −φ s is due to the Okubo-Zweig-Iizuka(OZI)-violating effects [43] and is found to be small (φ q − φ s < 5 • ). The OZI rule implies that the difference between φ q and φ s vanishes (i.e., φ q = φ s = φ) to leading order in the 1/N c expansion. Similarly, the four parameters f 8 P and f 0 P in the octet-singlet basis may be written in terms of two angles (θ 8 and θ 0 ) and two decay constants (f 8 and f 0 ). However, in this case, θ 8 and θ 0 turn out to differ considerably and become equal only in the SU f (3) symmetry limit [42, 44] .
We shall use the QF basis with the single mixing angle φ to analyze the B s → η
decay modes. In this case, a generic form factor F and the branching ratio for the B s → η (′) are given by
with the physical η (′) mass and
respectively. Recently, the KLOE Collaboration [45] extracted the pseudoscalar mixing angle φ in the QF basis by measuring the ratio BR(φ → η ′ γ)/BR(φ → ηγ). The measured values are φ = (39.7 ± 0.7)
• and (41.5 ± 0.3 stat ± 0.7 syst ± 0.6 th )
• with and without the gluonium content for η ′ , respectively. However, since the mixing angle for η − η ′ is still a controversial issue, we use unspecified value for φ rather than adopting some specific value.
Numerical results
In our numerical calculations for the exclusive rare B s → (K, η, η ′ )(ν ℓνℓ , ℓ + ℓ − ) decays, we use the model parameters (m q , β) for the linear confining potential given in Table 1 . Although our predictions [22] of ground state heavy meson masses are overall in good agreement with the experimental values, we use the experimental meson masses [31] in the computations of the decay widths to reduce possible theoretical uncertainties.
Note that in the numerical calculations we take (m c , m b ) = (1.8, 5.2) GeV in all formulas except in the Wilson coefficient C [9] . For the numerical values of the Wilson coefficients, we use the results given by Ref. [9] : Table 2 . Results for form factors at q 2 = 0 of B s → (K, η, η ′ ) transition and parameters σ i defined in Eq. (28) . The coefficients in η and η ′ represent quark mixing angles, i.e. c η = − sin φ and c η ′ = cos φ, respectively. Fig. 3 , we show the q 2 dependences of the form factors f ± (q 2 ) and f T (q 2 ) for the B s → K (left panel) and B s → η s with physical masses of η and η ′ (right panel), respectively. The form factors at q 2 = 0 and the parameters σ i of the double pole form defined in Eq. (28) are listed in Table 2 . The form factor f + (q 2 ) for the B s → η s has the same q 2 dependence (apart from the mixing angle φ) for both η (solid line) and η ′ (circle) since f + does not depend on the daughter meson mass as one can see from Eq. (25) . On the other hand, the form factors f − and f T between η and η ′ are slightly different (apart from the mixing angle φ) since they involve the daughter meson mass as one can see from Eqs. (26) and (27) . The form factors at the zero recoil point (i.e., [28] using the similar LFQM but only with the valence contributions in the purely longitudinal q + = 0 frame. Although the form factors f + and f T at the maximum recoil point obtained from [28] do not receive nonvalence contributions, they receive nonvalence contributions at other nonzero q 2 values. The nonvalence contributions to f − are more serious for the entire q 2 range including the q 2 = 0 point. For instance, f − obtained from [28] (see Fig. 2 in [28] ) shows a sharp increasing as q 2 near the zero recoil point in contrast to our result. This indicates the nonvalence contribution to f − is quite large, which in particular overestimate the branching ratio for the τ dilepton decay mode. Although the form factor f − (q 2 ) does not contribute to the branching ratio in the massless lepton (ℓ = e or µ) decay, it is important for the heavy τ decay process.
We show our results for the differential branching ratios for B s → (K, η s ) ν ℓνℓ with physical masses of η and η ′ in Fig. 4 and 
Exclusive rare
b → s at the quark level, the branching ratios for the final K meson are order of magnitude smaller than the corresponding branching ratios for the final η meson. For the B s → (K, η, η ′ )ℓ + ℓ − decays (see Fig. 5 ), the LD contributions (dashed lines) clearly overwhelm the nonresonant branching ratios near J/ψ(1S) and ψ ′ (2S) peaks, however, suitable ℓ + ℓ − invariant mass cuts can separate the LD contribution from the SD one away from these peaks. This divides the spectrum into two distinct regions [26, 46] : (i) lowdilepton mass, 4m
max , where δ is to be matched to an experimental cut.
Our predictions for the nonresonant branching ratios are summarized in Table 3 with general form of the mixing angle φ in the QF basis. Our results are also compared with other theoretical predictions such as the LF and constituent QM [28] and the QCD sum rules (SR) [29] within the SM. Since the amplitude B s → (K, η, η
− have almost the same decay rates, i.e. insensitive to the mass of the light lepton. Our predictions of branching ratios are close to the QCD SR results [29] but a bit smaller than the LFQM results [28] . But the results from [28] could be lowered if the nonvalence contributions are properly taken into account. For the mixing angle θ = −20
• (−10 • ) in the octet-singlet basis, which corresponds to φ = 34.74
• (44.74
• ) in the QF basis, we obtain BR(B s → η ν ℓνℓ ) = 1.1 (1.7) × 10
It is also worth comparing the branching ratios between B s → K and B s → η, which may be written as
where the SU(3) correction term ∆ SU (3) is estimated about 0.3 in our model calculation. Such a kind of relation may be further scrutinized by considering an additional correction term neglected in the effective Hamiltonian as discussed in [29] . The branching ratios with the LD contributions for B s → (K, η, η ′ )ℓ + ℓ − (ℓ = µ, τ ) are also presented in Table 4 for low-and high-dilepton mass regions of q 2 . In Fig. 6 , we show the LPAs for B → (K, η, η ′ )ℓ + ℓ − (ℓ = µ, τ ) as a function of s. In both µ and τ dilepton decays, the LPAs become zero at the end point regions of s. However, we note that if m ℓ = 0, the LPAs are not zero at the end points. As in the case of the B → Kµ + µ − [16, 33, 32, 47] and
decays where P L ≃ −1 away from the end point regions, the LPAs away from the end point regions are also close to −1 for the B s → (K, η, η ′ )µ + µ − transitions. In fact, the P L for the muon decay is insensitive to the form factors, e.g. our P L away from the end point regions is well approximated by [47] P L ≃ 2 C 10 ReC in the limit of C eff 7 → 0 from Eq. (13) . It also shows that the P L for the µ dilepton channel is insensitive to the little variation of C Exclusive rare B s → (K, η, η ′ )ℓ + ℓ − decays in the light-front quark model 18
Summary and Discussion
In this work, we investigated the exclusive rare semileptonic B s → (K, η, η ′ )(ν ℓνℓ , ℓ + ℓ − ) (ℓ = e, µ, τ ) decays within the SM, using our LFQM constrained by the variational principle for the QCD motivated effective Hamiltonian with the linear plus Coulomb interaction [17, 18] . Our model parameters obtained from the variational principle uniquely determine the physical quantities related to the above processes. This approach can establish the broader applicability of our LFQM to the wider range of hadronic phenomena. The weak form factors f ± (q 2 ) and f T (q 2 ) for the B s → (K, η, η ′ ) decays are obtained in the q + = 0 frame (q 2 = −q 2 ⊥ < 0) and then analytically continued to the timelike region by changing q 2 ⊥ to −q 2 in the form factors. The covariance (i.e., frame independence) of our model has been checked by performing the LF calculation in parallel with the manifestly covariant calculation using the exactly solvable covariant fermion field theory model in (3 + 1)-dimensions. While the form factors f + (q 2 ) and f T (q 2 ) are immune to the zero modes, the form factor f − (q 2 ) is not free from the zero mode. Using the solutions of the weak form factors obtained from the q + = 0 frame, we calculated the branching ratios for B s → (K, η, η ′ )(ν ℓνℓ , ℓ + ℓ − ) and the LPAs for L τ = −0.14, respectively. These polarization asymmetries provide valuable information on the flavor changing loop effects in the SM. Of particular interest, we estimated that the ratio BR(B s → Kµ + µ − )/BR(B s → ηµ + µ − ) differs from the SU f (3) symmetry limit (apart from the mixing angle) by about 30%. Such a kind of relation may help in determining the η − η ′ mixing angle.
